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Abstract. We consider a quantum system weakly coupled to a large heat bath of harmonic oscillators. It
is well known that such a boson bath initially at thermal equilibrium thermalises the system. We show
that assuming a priori an equilibrium state is not necessary to obtain the thermalisation of the system. We
determine the complete Schrédinger time evolution of the subsystem of interest for an initial pure product
state of the composite system consisting of the considered system and the bath. We find that the system
relaxes into canonical equilibrium for almost all initial pure bath states of macroscopically well-defined
energy. The temperature of the system asymptotic thermal state is determined by the energy of the initial
bath state as the corresponding microcanonical temperature. Moreover, the time evolution of the system
is identical to the one obtained assuming that the boson bath is initially at thermal equilibrium at this
temperature. A significant part of our approach is applicable to other baths and we identify the bath
features which are requisite for the thermalisation.

PACS. 05.70.Ln Nonequilibrium and irreversible thermodynamics — 05.30.-d Quantum statistical mechan-
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1 Introduction

The environment of a physical system plays an important
role in its dynamics. The environmental degrees of free-
dom are responsible for the relaxation of the system into
thermal equilibrium. As is well known, this irreversible
evolution follows from Schrodinger dynamics for a sys-
tem weakly coupled to a large heat bath, provided the
bath is supposed to be initially at thermal equilibrium.
However, this way to model the thermalisation process
leaves open the question of how the system environment
reaches its own equilibrium state. An equilibrium state
is also assumed a priori in the most common derivation
of the canonical equilibrium distribution. In this standard
argumentation, the interaction between the system and its
heat bath is neglected [1] and the microcanonical princi-
ple [2] is invoked, i.e., the composite system consisting of
the considered system and the bath is assumed to be in
a microcanonical mixed state. The ensuing reduced state
of the subsystem S of interest is a canonical thermal mix-
ture of its self-Hamiltonian eigenstates. Recently, it has
been shown [3-5] that no statistical averaging is actually
required to derive the canonical distribution for S. This
thermal state is found for almost all pure states of the
composite system of macroscopically well-defined energy.
Canonical equilibrium is thus obtained as a direct conse-
quence of the quantum mechanics principles.

* e-mail: camalet@lptl. jussieu.fr

Nonetheless, to understand the thermalisation process,
it is necessary to take into account the interaction between
S and the bath and to study the resulting Schrédinger dy-
namics of the isolated composite system. For the special
case where the system-bath coupling Hamiltonian com-
mutes with the self-Hamiltonian Hg of S, it has been
shown [6,7] that S evolves into a statistical mixture of
the eigenstates of Hg for an initial “generic” pure prod-
uct state of the composite system. But such a coupling
cannot lead to a complete thermalisation of S. As the
Hamiltonian Hg is a constant of motion, the populations
of the eigenstates of Hg remain equal to their initial val-
ues. More recently, some results have been obtained re-
garding the thermalisation induced by a heat bath ini-
tially in a pure state for abstract system-bath interac-
tion Hamiltonians defined in the eigenbasis of the non-
interacting Hamiltonian. Analytical arguments showing
that S is at equilibrium most of the time are presented
in [3] and examples are studied numerically in [8].

In this paper, we consider a system S weakly coupled
to a heat bath of harmonic oscillators. Numerous physi-
cal environments are well modelled by such a boson bath
which is thus often used to describe dissipation in quan-
tum systems [9]. From this perspective, the bath is usu-
ally assumed at thermal equilibrium at initial time. Here
we study the reduced dynamics of S for an initial pure
product state of the composite system consisting of S and
its bosonic environment. Using the resolvent operator for-
malism, we derive this dynamics from the Schrodinger
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equation of the isolated composite system. Since we are
interested in the thermalisation process, we suppose S is
initially in a pure state. For the bath, we consider a “typi-
cal” state of macroscopically well-defined energy. Whereas
our results are obtained for a boson bath, a significant
part of the formalism developed is applicable to other en-
vironments. The paper is organised as follows. In the fol-
lowing section, we present the model and the initial bath
state. The reduced dynamics of the subsystem S is derived
in Section 3. We then determine the asymptotic state of
S and the relaxation to this state in the weak coupling
regime in Section 4. The results and their potential valid-
ity for other environments are discussed in Section 5.

2 Model

We write the total Hamiltonian of the composite system
consisting of the system S of interest and its bosonic en-
vironment as

H=Hs+ Hp+ Hy (1)

where Hg and Hj describe, respectively, the intrinsic dy-
namics of S and its coupling to the boson bath. The di-
agonalised bath Hamiltonian Hp reads

q

where bg (bg) are bosonic creation (annihilation) operators
and the sum runs over the N harmonic modes of the bath.
The eigenfrequencies w, depend on the specific bath con-
sidered [9]. The thermodynamic limit N > 1 is assumed
throughout this paper. In the following, the eigenstates
of Hg and Hp are denoted by Latin and Greek letters,
respectively, i.e.,

Hglk) = exlk)
Hpla) = Ea|a) (3)

where €, and F, are the respective eigenvalues. For the
system S, we consider a discrete spectrum of nondegen-
erate eigenergies €. A system with continuous spectrum
cannot relax into thermal equilibrium. For example, in
the case of a free damped particle, the width of an ini-
tially localised state grows indefinitely. The bath influ-
ences significantly this diffusion process [10]. For the bath,
an eigenstate |a) corresponds to a set of harmonic mode
occupation numbers {ny} and Eq =} wgng. In the ther-
modynamic limit, the eigenenergy spectrum of the bath
can be characterised by a density of states n(E) given by
the standard following definition [2]. For a macroscopic
energy £ ~ N and an energy  E < E but far larger than
the maximum level spacing of Hp, the number D of states
|a) such that E < E, < E + 0F, is practically propor-
tional to E and n(E) = D/JE. Moreover, this density
satisfies the Boltzmann’s relation

In[n(E)dE] ~ Ns(E/N) (4)
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where s is the bath entropy per oscillator. We use the units
h = kp = 1 throughout this paper. As the bath entropy
Ns and energy E are extensive variables, the entropy per
oscillator s assumes finite values for finite energies per
oscillator E/N.

The interaction Hamiltonian H; depends on the de-
grees of freedom of both the bath and the system S. It is
useful for the following to expand it as

Hy = 3 0V 5)
k,l

where Uy; are bath operators which obey U,Il = U,;,. This
form is generally valid for a composite system. We consider
here the interaction operators

U = Zn’;l(bg +b,)- (6)
q

Numerous environments can be modeled by such a linear
coupling to the positions of independent harmonic oscil-
lators [9]. The influence on S of the bosonic environment
described by Hp and the coupling operators (6) can be
characterised by the standard spectral densities

Tijri(w) = kI KES(w — wg) (7)
q

which are finite continuous functions of w > 0 in the
thermodynamic limit. Since (ﬁgi)* = /@fzj , they satisfy
ki = 5 = Jigkt-

In this paper, we study the Schrodinger time evolution
of the system S following from an initial pure product

state of the composite system. We assume that the initial

bath state
)= > tala) 8)

layeHE

is a normalised state of the Hilbert space Hp defined by
the D states |a) such that £ < E, < E 4+ 0FE. In the
following, we show that almost all normalised states in
‘Hg lead to the same behavior of S. To do so, we use the
uniform measure p on the unit sphere in Hg given by

1 B SIS BT

la)eEHE

N({"bo&) =

With this normalised measure, we will prove that a subset
of bath states (8) resulting in the same time evolution of S,
is of size unity in the thermodynamic limit. In [5], the uni-
form measure is discussed for composite system states @
of macroscopically well-defined energy. The product states
considered here and the corresponding measure (9) can
be obtained by performing ideal quantum measurements
of the observable Hg on the states ¢. We remark that
other choices are possible to describe an initial bath state
of macroscopically well-defined energy. For example, the
space Hg can be replaced in (8) by the Hilbert space
H’; defined by the eigenstates |«) such that E, < E. In
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this case, the appropriate measure is given by the expres-
sion (9) with the replacements Hg — Hy and D — D’
where D’ = fOE n(E')dE’ is the dimension of H',. Due
to the exponential N-dependence of the density of states
n, the number of states |a) in H; but not in Hg_sp is
negligible and hence the energy of a typical state in H’,
is practically equal to £ ~ N. For the same reason, the
results presented in the remainder of the paper are valid
for such a state.

3 Reduced dynamics

We derive here the reduced dynamics of the subsystem S
for an initial disentangled state

2= pspp (10)
where pg and pp are density matrices of S and the bath,
respectively. The initial bath state can be, for example, a
thermal mixed state, pp x exp(—Hp/T), or a pure state,
pp = |[¥)(¢|. In this paper, we are concerned with the
thermalisation induced by the pure states given by (8).
However, the calculation presented in this section is not
restricted to pure initial bath states and it is interesting
for the following to consider also thermal states. To obtain
the time evolution of S, we first write its reduced density
matrix at time ¢ > 0 as

i .
o) =5 [ e 5(z)
27T R+in

where 7 is a positive real number. The Laplace transform
p(z) of the state p(t) is given by

p(z) = Trp [G(2)42]

(11)

(12)

where Trp denotes the partial trace over the bath degrees
of freedom and G(z) = (z — £)~" is the resolvent of the
Liouvillian £ defined as LA = [H, A] for any operator
A. The Liouvillians Lg, L5 and L; corresponding to the
Hamiltonians Hg, Hp and Hj, respectively, are given by
similar definitions. An equation for p(z) can be derived
from the Schrodinger time evolution of the composite sys-
tem consisting of .S and its environment using the projec-
tion superoperators P and Q defined by Q = 1 — P and
PA = Trp(A)pp where A is any operator. With these
superoperators, we deduce from (z — £)G(z)2 = 2 the
coupled equations [11,12]

P(z — LYPPG(2)2+ P(z — L)QQG(2)2 = 12
Q(z— LYPPG(2)2+ Q(z — L)QQG(2)2 =0

for the operators PG(z)§2 and QG(z)f2. Solving the latter
for QG (2)f2 in terms of PG(z)f2 and then substituting in
the former yields

Trp [(z— £ - LQ(z — QLQ) QL) ppp(2)] = ps. (14)

(13)

This equation describes the complete time evolution of
S. Since we are interested in the limit of weak coupling
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between S and the bath, we expand (z — Q£Q)~! in the
Liouvillian £;. With this expansion and the properties
Trp(LpA) = 0 and Trp(LsA) = LsTrp(A) where A is
any operator, we find

ps = 2p(2) - [Hs, p(2)] - Trp [Lrp55(2) (15)

1 n
—Tr LiQ———— L L D
0| X (610=5—0) o+ Lrmmite)

n>0

where Lsg = L5+ L5.
It is now convenient to expand the Laplace transform
p(z) in the basis |k)(l| of the Liouville space of S as

p(z) = k) (Il (2) (16)
k1l

where 7y (2) are scalar functions of z. These components
are solutions of the coupled equations

(2 — wij)rij(2) — Z Eikjl(z)rkl (z) = (ilpsls) (17)
k.l

where w;; = €; — €;. The influence of the environment is
described by the self-energies

, 1 "
Zf]l(z) = <Z‘TI'B Z (E[QmQ) Ly

n>0

X ZZE )| 1),

(18)

To derive this expression from (15) we have grouped the
terms of same order in Hy using 1+ B~ 1(A—B) =B A
with A = 2 — Lg and B = z — Lgp. For the usu-
ally considered thermal bath state pp o exp(—Hp/T),
the above derivation is simpler as Lgpp = 0 and hence
Q and Lgp commute. In this case, the superoperator
(z —wm)/(z — Lsp) in (18) can be replaced by 1 [13].
We remark that, as Tr(£;A4) = 0 for any operator A,
the self-energies (18) satisfy the relations >, X¥(z) = 0
which ensure that the trace of the density matrix p(t) is
conserved. To obtain the reduced dynamics (17) we have
only used the form (1) of the total Hamiltonian describing
the system S, the bath and their coupling. The bosonic
nature of the bath and the specific coupling bath operators
(6) do not play any role in the above calculation.

The equations (17) can be solved in 7y (2) by writ-
ing these components as power series in Hj. However,
the perturbative solutions obtained by this method give
the state p(t) of S, through (16) and (11), only for short
times ¢. To determine the long time evolution of S for
weak coupling to the bath, we proceed as follows. The
coupled equations (17) can be written as M(z)r(z) = rg
where r(z) and rg are vectors of components r;(z) and
(k|ps|l), respectively, and M(z) is a matrix of elements
Miju(2) = (2 — wij)0widij — Zf]l(z) This matrix equation
can be formally solved by inverting M(z) with the help
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of its eigenvalues \,(z) and eigenvectors u,(z) and the
eigenvectors v,,(z) of the transpose M(z)T. With these
definitions, we write the solution of (17) as

1
z) = zn: mun 2)Vp

In absence of coupling to the bath, i.e., for H;y = 0, the
matrix M(z) is diagonal and {\,(2)} = {z — wki}. As a
result, the populations (k|p(t)|k) are constant and the co-
herence (k|p(t)|l) oscillates with the frequency wy;. For a
weak coupling, the eigenvalues A, (z) can be determined
as power series expansions in H; as discussed in the next
section. As a consequence of the property ZZ Efil(z) =0,
Xo(z) = z remains an eigenvalue of M(z) for any coupling
strength. Moreover, the components of the corresponding
eigenvector v (z) are ¢;; for any z. The term n = 0 of (19)
thus simplifies to up(z)/z. This term results in a steady
contribution to the state p(t) of S. For the model consid-
ered in this paper, any eigenvalue of index n # 0 manifests
a branch cut on the real axis and A, (w + i0") is a non-
vanishing function of the real argument w. Consequently,
the terms n # 0 of (19) correspond to contributions to
p(t) which vanish at asymptotic times. In conclusion, the
components 777 of the asymptotic state po, of S are that
of ug(i0"), i.e., they are given by

wij T +ZEM (101 )rpy = 0.

(2)Trs. (19)

(20)

Using this equation and the expressions (18), p~ can be
determined for weak coupling to the bath by writing the
components 777 as power series in Hj.

4 Weak coupling regime

In this section, we determine the asymptotic state pso
of the system S for weak coupling to the boson bath
and a typical initial bath state (8) of macroscopic en-
ergy F. We also discuss the terms n # 0 of the expres-
sion (19) which describe the decoherence and relaxation
of S towards ps.. More precisely, we evaluate the low-
est relevant orders in H; of the state po, and eigenvalues
An(2). To do so, we first derive tractable power series ex-
pansions of the self-energies (18) as follows. By writing
(z — Lsp)~! as the Laplace transform of exp(—itLsp)
and L; in terms of the bath operators Uy using (5),
We express Eikjl(z) in terms of the Heisenberg operators
Ui (t) = exp(itHp)Uy exp(—itHp). We will see that, for
weak coupling to the bath, the reduced dynamics of the
subsystem S is essentially determined by the averages
(Uri(t)) and (U;;(€)Up(t + 7)) where (A) = (Y|A|Y) for
any bath operator A. As shown below, explicit expressions
can be obtained for these expectation values.

4.1 Correlations of the bath interaction operators

We show here that, in the thermodynamic limit, almost
all bath states (8) lead to the same averages (U (t)) and
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(Uij(€)Upi(t + 7)). We will obtain this result by comput-
ing the Hilbert space averages [4] and variances of these
expectation values resulting from the measure (9). For ex-
ample, the Hilbert space average of (Uy;(t)) reads

-11 [ @vantivn) )i telUa 1)

(21)
where d?1), = dRety,dlmip, and the product and the
sums run over the bath eigenstates |a) € Hpg. To evaluate
this integral, we first note that, for a bath size N > 1,

(Ui (t))

n

/f%MWJLJIQe
aFa(p

p=1

—Dldam? (22)

where the n components 9, are fixed [14]. This reduced

distribution and the expansion (8) then yield (Uy(t)) =
(Uki) g where

(p=75 3 (aldla)

la)eEHE

(23)

denotes the microcanonical average of any bath operator
A. We define the variance o? as the Hilbert space average

of |<Ukl(t)> — <Ukl>E|2 and find
1 1
==z >, NlUulf) < 5UULe  (24)

le),|B)eHE

The upper bound is simply obtained by replacing the sum
over the states |3) € Hg by a sum over all the bath eigen-
states |3). For (U;;(t)Uki (t+7)), we find the Hilbert space
average (U;; Uy (7)) g and variance

>

le),18)eH e

1
< B<UijUkl(7)UZl(T)UJj>E
We now determine the microcanonical correlation func-
tions (U;jUwi(7))r using the equality of the occupation
number <bgbq> g to the canonical average <bj1bq>T with the
appropriate temperature 7. The canonical average of any
bath operator A for temperature T reads

(Ayr = 23 e "/ (o] Ala)

9 1

03(7) = 13 || Ui Uk (7)]8)*

(25)

(26)

where Z =Y exp(—FE,/T). It can be established, by the
following standard arguments [2], that (bib,)r = (blb,)r
for T equals to the bath microcanonical temperature cor-
responding to the energy F, i.e.,

1 (E
T °\N

where s’ is the derivative of the bath entropy per oscilla-
tor s with respect to the energy E/N. The microcanon-
ical distribution of the harmonic mode occupation n, is

(27)
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P(ny) = n(E—nqwq)/n(E) where 7 is the density of states
of the system consisting of the N — 1 other bath modes.
This density satisfies the Boltzmann’s relation (4) with
the corresponding entropy $. Expanding this entropy in
the energy n,w, and taking into account that § = s in the
thermodynamic limit, results in P(n,) o« exp(—nqwy/T)
where T is given by (27). Using this distribution, we ob-
tain

(UijUr(1))E = UijUpa (7))

o cos(wT)
_ o), _cos(wT) .
/0 wdij k(W) Lanh(w/QT) + i sin(wT)
(28)
It follows from this result that o7 = O(exp(—N)). Con-

sequently, the overwhelming majority of bath states (8)

satisfy
(Una(8)) = 0. (29)

The dynamical fluctuations of (U, (t)) around zero disap-
pear in the thermodynamic limit for typical bath states
[t)). By generalising the above derivation to the micro-
canonical distribution of two harmonic mode occupa-
tion numbers, it can be shown that the left side of the
inequality (25) is equal to a canonical average. More-
over, as the operators Uy, are linear combinations of
the operators b; and by, the upper bound of ¢3(7) can
be rewritten as ((U;;Uj)r(UUe)r + |(Usj Ut (7)) |* +
(U:;Ui(7))7|?)/D. As a result, the variance o3(7) also
vanishes exponentially in the limit N > 1 and hence, us-
ing (28),

(Uij @)U (t + 7)) =

(UijUpa (7)) (30)

4.2 Asymptotic state, decoherence and relaxation

We deduce from the result (29) that the first order contri-
bution in H; to the self-energy (18) with pp = [1){(¢)]
vanishes. To determine the second order contribution,
we first rewrite it as a sum of four terms using QA =
A—ppTrp(A) where A is any operator. As the first-order
self-energies vanish and Trp[(z — Lsp) 'ppTrp(4)] =
Trp((z — Lsp) tA] where A is any operator, only one
term remains and

ZH(2) = (z — ww)(i|Trp [(ﬁlﬁ)%ﬂkxl}] 1)

(31)
to second order in H;, where pg = |¢)(¢|. A lengthy but
straightforward calculation then gives

—i/ dtem[ Zem"”’“ UipUpj (1)1
+5]l Z eztwlp 'Lp

—e’tw” (U OUik)r — eltwin (UiUsg (t)>T}

Efjl(z) =

YUpk) (32)

to second order in Hy. The final expression of the calcula-
tion has been rewritten with the help of the equality (30).
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The temperature T, given by (27), is the microcanonical
temperature of the bath corresponding to the energy E of
its initial state.

Since w;; # 0 for 7 # j and the self-energies Efjl are at
least of second order, (20) leads to rif = Pidy + O(H?).
Writing this equation to second order for i = j and us-
ing (32), we find

Zfikpkfszipz':o-
% %

The zeroth-order populations P; are thus the steady solu-
tions of a master equation. From (32) and (28), we deduce
the (positive) rates

(33)

 Kig(e — eg)
Tk = a1 (39
where K (w) = 27[O(w) Jik ki (w) — O(—w) Jik ki (—w)]. As

Jriik = Jik ki, the rates (34) satisfy the detailed balance
relation,

e /T = Mpe /T, (35)

Consequently, assuming the matrix G of elements G, =
— @ik + 0Ly is irreducible [2], the zeroth-order asymp-
totic state of S is the canonical thermal state,

e—Hs/T
Poo = W- (36)
The following special case is worth mentioning. If the self-
Hamiltonian Hg of S and the interaction Hamiltonian Hj
commute, i.e., Uy = 0 for k # [, the populations (k|p(t)|k)
remain equal to their respective initial values. In this case,
the only effect of the environment is to destroy the coher-
ences (k|p(t)|l) [6,7].

We now discuss the terms n # 0 of the expression (19)
which describe the decoherence and relaxation of S to-
wards the thermal equilibrium state (36). We first con-
sider a frequency wy; # 0 such that w;; # wp for any
(i,7) # (k,1). For such a frequency, we find \,(z) =
Z— Wk — E,’jll(z) to second order in H;. The corresponding
term in (19) describes the time evolution of the coherence
(k|p(t)|l). The influence of the environment on this coher-
ence is easier to understand for z = w + i0" where w is
real [11,12]. For weak coupling to the bath, the perturba-
tive corrections to A, (w+i0") can be neglected except for
w =~ wy. From (32) and (28), we obtain

Ek 1 (W +ZO+ = —— Z

+o- Z /
(37)

to second order in Hy, where o denotes the Cauchy prin-
cipal value and Sy =73, (KkhF — K2 coth(wg /2T)6 (w,).
The negative imaginary part, in the first line, leads to
an exponential decay of (k|p(t)|l) at long times [9,11,12].
The real part results in a slight shift of the oscillation fre-
quency of this coherence. As is well known, there exists a

Tk + Ipt) — @Sk

(ka( w) sz(w)).

W — Wpk W — Wpl
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short-time regime which is not accurately described by the
approximation A, (w + i0") ~ w — wi — X (wiy +307).
However, the behavior of S at short times ¢ is also de-
termined by the second-order self-energies (32) as p(t) is
well approximated by an expansion to second order de-
rived from (17). If wy; = @ # 0 for several (k,l), the
second-order contributions to the eigenvalues A,(z) =
z — W+ --- are obtained by diagonalising a matrix of el-
ements Z‘fjl (@ +i0T) (to second order) where (i,j) and
(k,1) are such that w;; = wiy = @. The corresponding co-
herences of p(t) vanish at asymptotic times. For the eigen-
values A\, (z) = z+- - -, it can be shown that A, (i0") = i,
to second order, where ~,, are the positive real eigenvalues
of the matrix G. One of them vanishes and corresponds to
the asymptotic state of S given by (33). The other ones are
the characteristic rates of the long-time relaxation of the
populations (k|p(t)|k). In conclusion, for weak coupling to
the bath, the complete time evolution of S is determined
by the second-order self-energies (32) and hence is identi-
cal to the one obtained in the usual case of a bath initially
at thermal equilibrium, pp = exp(—Hp/T)/Z.

5 Discussion of the results

We discuss here the relative importances of the different
environment features in the obtention of the asymptotic
thermal state (36). We first reiterate that the derivation
of the reduced dynamics of the subsystem S, presented
in Section 3, relies essentially on the form (1) of the to-
tal Hamiltonian of the composite system. To obtain then
from (20) the equations (33) for the zeroth-order asymp-
totic populations, the vanishing of the first order contri-
butions to the self-energies (18) is not necessary. It can be
proved from the expression (18) that the equality (31) is
correct to second order in H; in the limit z — 0" for i = j
and k = [, for any Hamiltonian (1). Moreover, for a pure
bath state, pp = |¢)(¢|, the right side of (31) for i = j
and k = [ can be written as 22 (2) — dinz 32, Tpi(2) with-
out any further assumption. The solution of the ensuing
equation (33) is the canonical distribution if the rates Iy
satisfy the detailed balance relation. This relation results
directly from (32) as this second-order self-energy leads to
the Fermi golden rule like expression

27 _
fw="7 Z; P T§( Byt e~ Ba—ci) | (B|Unl ) (38)
@,

which obviously obeys I'y; exp|(ex —€;)/T] = Lix. The spe-
cific form (28) of the correlations of the bath interaction
operators Uy; is then not decisive to obtain the detailed
balance relation.

The crucial result in the derivation of the asymp-
totic thermal state (36) is thus the expression (30) which
states that the dynamical correlations (¥|U;; (t)Uri (¥)|)
where |¢) is a typical pure bath state of macroscopi-
cally well-defined energy F, are identical to the respec-
tive canonical correlation functions with the tempera-
ture determined by E via (27). This result stems from
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(Uij Ui (1)U (T)Uji) g < exp(N) for N > 1 and from
the equality (28) of microcanonical and canonical corre-
lation functions. These correlation functions are a priori
related by

UsUu(r))r = [ dEn(B)e BT WU (39)

for any environment. Due to the Boltzmann’s relation (4),
the function n(F)exp(—FE/T)/Z is essentially a Gaussian
of variance o« N peaked at the energy FE related to T
by (27). For the environment considered in this paper, the
microcanonical correlations (U;;Uy (7)) vary on macro-
scopic energyscales and hence are equal to canonical av-
erages as given by (28).

To better comprehend how the canonical distribution
for S emerges, we consider the microcanonical form of
the rate (38), i.e., with Z='>"_ exp(—FE,/T) replaced by
D! Z\a)eHE' We write this expression as

1 o
Iix(E) = D Z %-(k)
la)EHE

(40)

where the F-dependence of the rate is noted explicitly and
the definition 7} = Y2, 8(Es — Fa + wit)|[(B|Uir|a)? is

used. With these notations and the property Ugi = U,
we find

1 n(E + w;
Iyi(B) = ) Z 'yi(,‘j) = %FM(E + wik)-
o) EHE+w,),
(41)
The last equality follows from D = n(E)dE. It clearly
shows that the detailed balance relation for the rates I
results from the Boltzmann’s relation (4) and from the fact
that I, which is the Fourier transform of (U;Uki (7)) g
with frequency wjy, is practically the same for the macro-
scopic energies F¥ and E + w;j.

We finally comment on the weak coupling regime con-
sidered in the previous section. In this regime, the self-
energies describing the influence of the bath on S are
well approximated by their expansions to second order
in the system-bath interaction Hamiltonian H;. The de-
tailed balance relation is satisfied by the rates (38) de-
duced from the second-order self-energies. If we suppose,
for example, that a part of the Hamiltonian Hg describing
the intrinsic dynamics of S is of the same order [15], contri-
butions stemming from this perturbative self-Hamiltonian
term must be added to the second-order self-energies. Con-
sequently, the zeroth-order asymptotic state is no longer
given by a master equation with rates satisfying the de-
tailed balance relation. Our results thus indicate, as the
previous derivations [2-5], that the canonical distribution
is an attribute of the weak coupling regime.

6 Conclusion

In this paper, we have studied the time evolution of a
system S under the influence of a heat bath of harmonic
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oscillators. The reduced dynamics of S has been derived
exactly from the Schrédinger equation of the isolated com-
posite system consisting of .S and its bosonic environment.
Contrary to the usual assumption of a bath initially at
thermal equilibrium, a pure initial bath state was con-
sidered. We have shown that, for almost all initial bath
states of macroscopically well-defined energy, the system
S relaxes into canonical equilibrium, provided the cou-
pling to the bath is weak enough. The relaxation of S
into a canonical mixed state has thus been obtained with-
out performing any statistical averaging. In other words,
no equilibrium state is assumed a priori in our deriva-
tion. The bath though initially in a pure state induces the
thermalisation of the system S. The temperature T of the
asymptotic thermal state of S is determined by the macro-
scopic energy of the initial bath state. It equals the micro-
canonical temperature, defined from the bath density of
states, corresponding to this energy. We have also found
that, for the overwhelming majority of initial bath states
of macroscopically well-defined energy, the time evolution
of S cannot be distinguished from the one obtained assum-
ing that the boson bath is initially at thermal equilibrium
at temperature T'.

We emphasize that though these results have been
derived for a boson bath, a substantial part of our
approach is applicable to other environments. As dis-
cussed in the previous section, the thermalisation of
the system S results essentially from two characteristics
of the bath: (i) the bath density of states verifies the
Boltzmann’s relation (ii) the microcanonical correlation
functions of the bath operators coupled to S vary on
macroscopic energyscales. While the first feature is of
great generality for physical environments, it is not so
obvious for the second omne. It would then be inter-
esting to study the microcanonical correlations of the
coupling operators of other “realistic” environments.
Another interesting generalisation of the present work
would be to add the possibility for the system S of
interest to exchange also particles with its environment
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and to investigate whether, under these conditions, a
reservoir initially in a “typical” pure state induces the
relaxation of S into grand-canonical equilibrium.

We thank R. Chitra for a careful reading of the manuscript.

References

1. For a discussion of the subtleties arising from a finite
system-bath coupling, see P. Hanggi, G.-L. Ingold, Acta
Phys. Pol. B 37, 1537 (2006)

2. B. Diu, C. Guthmann, D. Lederer, B. Roulet, Physique
statistique (Hermann, Paris, 1989)

3. H. Tasaki, Phys. Rev. Lett. 80, 1373 (1998)

4. J. Gemmer, G. Mahler, Eur. Phys. J. B 31, 249 (2003); J.
Gemmer, A. Otte, G. Mahler, Phys. Rev. Lett. 86, 1927
(2001)

5. S. Goldstein, J.L. Lebowitz, R. Tumulka, N. Zanghi, Phys.
Rev. Lett. 96, 050403 (2006)

6. W. Zurek, Phys. Rev. D 26, 1862 (1982)

7. T. Endo, J. Phys. Soc. Jpn. 56, 1684 (1987); T. Endo, J.
Phys. Soc. Jpn. 57, 71 (1988)

8. P. Borowski, J. Gemmer, G. Mahler, Eur. Phys. J. B 35,
255 (2003)

9. U. Weiss, Quantum dissipative systems (World Scientific,
Singapore, 1993)

10. H. Grabert, P. Schramm, G.-L. Ingold, Phys. Rep. 168,
115 (1988); H. Grabert, P. Schramm, G.-L. Ingold, Phys.
Rev. Lett. 58, 1285 (1987)

11. C. Cohen-Tannoudji, J. Dupont-Roc, G. Grynberg,
Processus d’interaction entre photons et atomes (CNRS
Editions, Paris, 1988)

12. S. Camalet, R. Chitra, Phys. Rev. B 75, 094434 (2007)

13. S. Dattagupta, H. Grabert, R. Jung, J. Phys.: Condens.
Mat. 1, 1405 (1989)

14. F. Haake, Quantum signatures of chaos (Springer, Berlin,
2001)

15. V. Cépek, Eur. Phys. J. B 25, 101 (2002)



	Introduction
	Model
	Reduced dynamics
	Weak coupling regime
	Discussion of the results
	Conclusion
	References

